The instability dynamics of inviscid liquid jets issuing from elliptical orifices is studied, and effects of the surrounding gas and the liquid surface tension on the stability behavior are investigated. A dispersion relation for the zeroth azimuthal (axisymmetric) instability mode is derived. Consistency of the analysis is confirmed by demonstrating that these equations reduce to the well-known dispersion equations for the limiting cases of round and planar jets. It is shown that the effect of the ellipticity is to increase the growth rate over a large range of wavenumbers in comparison to those of a circular jet. For higher Weber numbers, at which capillary forces have a stabilizing effect, the growth rate decreases with increasing ellipticity. Similar to circular and planar jets, increasing the density ratio between gas and liquid increases the growth of disturbances significantly. These theoretical investigations are complemented by experiments to validate the local linear stability results. Comparisons of predicted growth rates with measurements over a range of jet ellipticities confirm that the theoretical model provides a quantitatively accurate description of the instability dynamics in the Rayleigh and first wind-induced regimes. C 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
The breakup of liquid jets has been the subject of several investigations. These studies are motivated by technical applications, such as liquid fuel injection in internal combustion engines, ink-jet printing, and coating. Apart from its technical relevance, liquid jets are also encountered as elements in fountains, water-plays, and biological flows.
Compared to circular jets, the discharge of jets from elliptic orifices exhibits advantages in enhancing the mixing and in increasing the spreading rate. 1 The enhanced mixing characteristic is promoted by the axis-switching, a phenomenon by which major and minor axes of the elliptic jet interchange periodically along the downstream distance.
The instability dynamics of round liquid jets has found considerable attention in the past. Most notable is the pioneering work by Rayleigh, 2 who demonstrated that a circular liquid jet is unstable with respect to disturbances of wavelengths larger than the jet circumference. Rayleigh 3 extended the linear analysis to calculate the dynamic surface tension of liquids using the axis-switching wavelength of liquid jets in the limit of small ellipticities. His model was further extended by Bohr 4 who added effects of viscosity and surrounding gas for jets with finite ellipticities. The instability of an inviscid elliptic liquid jet in an inviscid gas has been investigated analytically by Dityakin. 5 By considering small departures from a circular jet profile and by neglecting gravitational effects, he a) gaminiba@uwaterloo.ca 1070-6631/2014/26(11)/114105/22/$30.00 C 2014 AIP Publishing LLC 26, 114105-1 derived a temporal dispersion equation for axisymmetric disturbances. His results showed that by increasing the ellipticity, the instability growth rate increases and the maximum growth rate shifts towards shorter waves.
More recently, Kasyap et al. 6 presented visual observations of elliptic jets by characterizing the axis-switching and by comparing the breakup curves of elliptic and circular jets. Compared to circular liquid jets, they found that a liquid jet, emanating from an elliptic nozzle, exhibits a shorter breakup length over the range of flows where axis-switching was observed. Moreover, they found that increasing the nozzle ellipticity in the Rayleigh mode makes the elliptic jet more unstable. Amini and Dolatabadi 7, 8 performed a one-dimensional linear stability analysis for liquid jets with finite ellipticity and confirmed the experimental results of Kasyap et al. 6 They also confirmed that in the capillary regime, the only unstable mode is when disturbances are symmetric to both major and minor axes. However, their analysis was based on a constant cross-sectional base flow.
Geometrically, an elliptic jet can be considered as an intermediate case between the limiting configurations of round and planar jets. For circular liquid jets, axisymmetric disturbances are dominant for low-speed jets, i.e., the breakup mechanism is due to the growth of axisymmetric oscillations on the jet surface, induced by surface tension. 2 With increasing exit velocity, however, the jet exhibits a sinusoidal (or antisymmetric) wave instead of a varicose (or symmetric) wave. 9 For a circular jet, without the effect of the ambient gas, the jet is stable to all non-axisymmetric disturbances, but is unstable to axisymmetric waves at wavelengths greater than the jet circumference. In contrast, Hagerty and Shea 10 determined the existence of two solutions for inviscid planar sheets, namely, a sinuous mode and a varicose mode. For a planar sheet, without the effect of the ambient gas the jet is always stable. In the presence of the surrounding gas the dominant mode is sinusoidal and when the density ratio becomes significant, the varicose mode becomes dominant. 11 For all density ratios, there exists a range of wavenumbers, in which varicose waves are more unstable than their sinusoidal counterparts; the latter might even be stable in that region. 12 For both sinusoidal and varicose waves, the disturbance wavelength with maximum growth rate decreases as the density ratio is increased. A comprehensive review of experimental works on circular and planar jets can be found in the work by Dumouchel. 13 In the present study, a local linear stability analysis is presented for a liquid jet, emerging from a nozzle with an elliptic cross-section under consideration of surrounding gas and surface tension effects. In Sec. II, a dispersion equation is derived for inviscid elliptic jets, and the growth of the axisymmetric instability mode for various conditions is studied. Compared to previous works, such as that of Dityakin, 5 the current work considers larger departures from the circular case in a more systematic way of describing curvature. The solution requires the evaluation of modified Mathieu functions for arbitrary complex arguments. By invoking an asymptotic expansion of the modified Mathieu functions, dispersion equations for small and large ellipticities are derived, corresponding to the limit of circular and planar jets, respectively. It is shown in Sec. III that for the capillary mode, an elliptic jet has a larger growth rate than a circular jet with the same cross-sectional area. The theoretical instability analysis is complemented by an experimental investigation in Sec. IV, and measurements of the breakup length as a function of the excitation frequency are compared with theoretical dispersion curves. The paper finishes with conclusions.
II. THEORY

A. Problem description and governing equations
In this study, we consider an inviscid elliptic liquid jet, as illustrated in Fig. 1 . The threedimensional Cartesian coordinate system is denoted by x = (x, y, z)
T , corresponding to the directions along the major, minor, and stream-wise jet axis, respectively. The liquid jet with density l and surface tension σ is streaming through a stationary, inviscid, and incompressible gas with density g . The jet is issuing with a uniform axial velocity U from an elliptic nozzle with semi-major and semi-minor axes of R 1 and R 2 , respectively, and the equivalent liquid jet radius is then given as R = √ R 1 R 2 . The instantaneous equations describing the conservation of mass and momentum in the liquid jet can be written in coordinate-free and non-dimensional form as
for α = {l, g} denoting the liquid and gas phases, and u α and p α are the velocity vector and pressure, respectively. The free surface of the liquid jet is represented by the following parametric equation:
in which η x and η y are the locations of the interface along the major and minor axes, respectively. Boundary conditions at the liquid interface are obtained from the kinematic and dynamic conditions
where u l,η is the velocity at the interface. The curvature, κ, is evaluated as
where θ is the azimuthal angle. All quantities are non-dimensionalized using the following definitions:
where the superscript * refers to an unnormalized quantity. With this, the Weber number, We, the density ratio, Q, and the aspect ratio, e, can be identified as the controlling non-dimensional parameters
By introducing the velocity potential φ, Eqs. (1a) and (1b) reduce to Laplace's equation
In this work, a perturbation approach is used to study the governing equations for wave propagation on the jet surface. In this approach, an instantaneous flow-field quantity ψ is decomposed into a base-flow quantity, ψ, and a disturbance quantity, ψ ,
The evaluation of the mean flow quantities is discussed in Sec. II B, and a theoretical model for the local linear stability analysis is presented in Sec. II C.
B. Base-flow representation
Considering the cross section of an elliptic jet, the curvature is maximum in the direction of the major axis and minimum on the minor axis. Therefore, due to the Young-Laplace law, the local pressure on the major axis is greater than that on the minor axis. As a result, the liquid flows from the major axis side towards the minor axis side. This motion changes the cross section of the jet to another elliptic shape in which the location of major and minor axes are switched. The surface tension force is counteracted by inertial forces, resulting in the continuous switching of major and minor axes (see Fig. 1(b) ). This stationary behavior along the jet axis is defined as base flow.
In the following, the base flow is obtained from the analytic formulation due to Bechtel et al., 14, 15 which describes the spatial evolution of an elliptic jet and the deformation of its free surface. This formulation is derived from an asymptotic expansion of the full three-dimensional boundary value problem under consideration of a slender jet scaling. Their work considered various competing effects arising from inertia, surface tension, viscosity, and gravity. 16 This model successfully describes the switching between major and minor axes, in agreement with observations. The equation describing the mean velocity in the liquid jet is obtained from Eq. (1b),
where the mean velocity u l is expanded to first order in a power series 14 in the transverse coordinates x and y,
in which β x and β y are linear coefficients of the velocity in the x-and y-directions, respectively. The slender ratio ε is defined as
where λ as is the characteristic wavelength of the axis-switching. Boundary conditions at the free surface are obtained from Eqs. (3a) and (3b),
With this, the momentum equations are then integrated over the cross section to eliminate the dependence on the x-and y-directions. After eliminatingp α , β x , and β y among the resulting equations, 15 the following constraints are obtained:
which are consequences of conservation of mass and momentum in radial and axial directions, respectively. The quantity H is the energy per unit length of the jet and is given as
where E is the complete elliptic integral of the second kind. Equation (13) describes the balance between potential energy due to surface tension (first term on the right-hand-side) and kinetic energy (second term). This equation is used to determine the axial evolution of the major jet-axis subject to information about H and We. Equations (12) state that the cross-sectional area in an inviscid liquid jet remains constant along the axial distance, and the aspect ratio, which is here defined with respect to the mean-flow at the nozzle exit is determined subject to the solution of Eq. (13). After rearranging Eq. (13) in the form
this equation is solved for a half-period with dη x /dz ≥ 0 using a fourth-order Runge-Kutta method with specified values for We and initial conditions for H(z = 0) = H 0 and e(z = 0) = e 0 . Results for the second half-period are then obtained by invoking symmetry conditions. In the following, H 0 is evaluated from Eq. (13) with prescribed parameters for We and e 0 and by setting dη x /dz = 0. Mean-flow results for different jet aspect ratios and Weber numbers are illustrated in Fig. 2 . As this figure shows, by increasing the Weber number, the axis-switching wavelength increases. Figure 3 compares measurements and model results for the axis-switching wavelength versus √ We for aspect ratios of 0.25 and 0.7. Results have been compared with measurements of Kasyap et al., 6 theoretical results of Amini and Dolatabadi, 8 and present experimental results (see Sec. IV). Kasyap et al. 6 collapsed the results of their measurements for all aspect ratios onto a line as shown in this figure. Their results show a linear variation which is consistent with previous observations. They concluded that the linear trend of λ as with √ We holds true for all aspect ratios, and λ as remains insensitive to the nozzle geometry for moderate values of e 0 . However, for higher Weber numbers and aspect ratios, they observed a deviation in the slope, which can be attributed to the distortion of the jet cross section, affecting the axis-switching wavelength. Theoretical results by Amini and Dolatabadi 8 for large aspect ratios showed that the axis-switching wavelength is linearly dependent on the jet velocity. The increasing deviation of the present mean-flow computation from measurements by Kasyap et al. 6 at higher Weber numbers could be due to effects of aerodynamic forces that are not considered in the base-flow representation. In this context, it is mentioned that current measurements are limited to the wavelength adjacent to the nozzle where the growth of initial disturbances is small and the effect of the base flow is more visible.
C. Local linear stability analysis
In Sec. II B, it was shown that the base flow is spatially periodic with wavelength corresponding to λ as . In this section, the spatiotemporal evolution of the hydrodynamic instabilities is Phys. described using the assumption that the base flow varies slowly in the axial direction compared to the perturbed flow. To consider this scale-disparity, a length-scale ratio γ is introduced, which compares the characteristic scales of the instability λ ins to the characteristic length of the mean-flow deformation λ as ,
To assess the validity of the current perturbation analysis, γ is evaluated from this relation over the range of operating conditions that are considered in this work. Results from this analysis are presented in Fig. 4 , and it can be seen that the length-scale ratio γ remains less than 0.1 for e 0 ≥ We −n with n ≈ 0.1, justifying the weakly non-parallel mean flow approximation, in which streamwise variations of the base flow are taken into account in the stability analysis.
If the characteristic length scale of the streamwise variation of the base flow becomes comparable to the typical length scale of the instability, a multi-scale analysis can be employed to study these instabilities. This technique was previously used to examine the effect of gravity on capillary instabilities of liquid jets. 17 However, this extended analysis is beyond the scope of the current work. When the base flow is periodic in space or time, the Floquet theory is applicable. Mathieu's equation is a specific case of a Floquet system, 18 and will be used in the current analysis to study the instability dynamics of elliptic liquid jets. In the following, a local linear stability analysis around a spatially dependent base flow is performed. The jet configuration, as shown in Fig. 1(a) and described by the base-flow solution of Eq. (14), is considered, and the instability dynamics to monochromatic axisymmetric disturbance modes is studied. During the axis-switching, the jet cross section remains elliptic up to a few wavelengths before breakup. Over this distance the instability dynamics can be described by linear theory. [19] [20] [21] A natural choice for solving the perturbation problem is the transformation to an elliptic coordinate system
We note that the two extreme cases represent a planar jet (μ → 0) and a round jet is obtained for μ → ∞. The transformation from Cartesian to elliptical coordinates is given by where h is the dimensionless distance of the focus to the origin. Furthermore, the following geometric relations are introduced to simplify the analysis:
The linear field equation for the fluctuating velocity potential φ inside and outside of the liquid jet is obtaining by linearizing the potential equation, Eq. (6). Written in elliptic coordinates this equation takes the form
In the following, a temporal stability analysis is performed. A solution for φ is then sought in the form
where α is the real-valued axial wavenumber, and ω = ω r − iω i is the complex-valued frequency, with real and imaginary components corresponding to the frequency of the Fourier wave and the exponential growth rate, respectively. Following the method of separation of variables, R and P must satisfy the following equations:
where
and λ is the separation constant. Equations (21a) and (21b) are known as Mathieu equation and modified Mathieu equation with parameter −q, respectively. Details for evaluating these equations can be found in McLachlan. 22 The general solutions of R and P are written in the form
In the above equations, ce m and fe m are the mth order Mathieu functions of the first and second kind. Similarly, Ce m and Fek m denote the mth order modified Mathieu functions of the first and second kind. D 1 , D 2 , D 3 , and D 4 are unspecified constants that are determined subject to the boundary conditions. The current study is limited to the modes with the lowest transverse order m = 0, because only this mode dominates the unstable fluid flow and the higher order eigenmodes are more oscillatory and are not frequently encountered at low to medium jet speeds. [6] [7] [8] By enforcing periodicity of the solution, Eq. (20) can be written as
are introduced to simplify the expression. It is noted that since the solution must be symmetric with respect to azimuthal angle, D 2 which is coefficient of a non-symmetric function, should be equal to zero. Applying boundary conditions for the undisturbed far field (μ → ∞ : φ = 0) and centerline (μ → 0 : ∂ μ φ = 0), the following expressions for the perturbations in the liquid and gas phase are obtained:
To obtain an expression for the instability dynamics of the liquid interface, we consider perturbations of the liquid jet around its base flow μ, and expand μ as
where μ denotes an infinitesimal disturbance of the interface. The normal-mode decomposition of the interface perturbation is then written as
Boundary conditions at the liquid and the gaseous side of the interface require that there is no net flux of mass across the interface,
Continuity at the interface requires that u μ,l = u μ,g , and the inviscid flow assumption allows us to express this in terms of the velocity potential. Written in elliptical coordinates, this condition takes to following form:
Substituting Eqs. (29) into (28a) and (28b) leads to the following set of equations for the liquid and the gas:
where all derivatives with respect to μ are evaluated at the undisturbed interface μ = μ. Equations (30a) and (30b) can then be combined to yield a condition for the velocity potential at the interface
Another boundary condition comes from the force balance across the liquid/gaseous interface,
where p l and p g are the pressure perturbations in the liquid and the surrounding gas, respectively, and κ denotes the perturbed part of the local interface curvature. For the inviscid case, the pressure perturbation at the interface can be evaluated from the unsteady Bernoulli equation
The fluctuation of the curvature κ is obtained from decomposing Eq. (4) as
in which all coefficients are defined in Eqs. (A15)-(A26) in the Appendix. Upon inserting Eqs. (33) and (35b) into Eq. (32) for the case of m = 0, corresponding to axisymmetric to both major and minor axes, we obtain
in which τ is given by
and the coefficients A and B are given in (A27) and (A28) in the Appendix. Nontrivial solutions to Eqs. (31) and (36) exist if the coefficient determinant vanishes. This condition gives the following dispersion equations for the growth rate and the frequency:
with Q being the gas-to-liquid density ratio, defined in Eq. (5). Furthermore, the following parameters have been introduced:
which are evaluated at μ = μ. These quantities represent the effect of the capillary force and the aerodynamic interaction between the surrounding gas and the liquid. It is important to note that ξ /χ ≥ 0 for all parameters. In Sec. II C 1 the developed theory will be verified for the limiting cases of e → {1, 0}, corresponding to a circular and a planar jet, respectively.
Limiting case I: Dispersion equation for a round jet
To verify the general dispersion relation of Eqs. (38a) and (38b), we will now consider the special case of a round jet. By expanding the modified Mathieu functions for μ → ∞ and q → 0, 22, 23 one obtains
in which derivatives are calculated at the dimensionless jet radius r = 1 and I m and K m are the mth order modified Bessel functions of the first and second kind, respectively. Furthermore, since e = 1 for a round jet, τ in Eq. (37) reduces to the value of 1 − α 2 . With these asymptotic values, Eq. (38a) is the direct analog to the dispersion equation given by Yang, 9 for the mth order azimuthal perturbation of a circular jet. For negligible aerodynamic gas effects, Eq. (38a) reduces to
a result originally derived by Rayleigh. Further, for the special case of unity density ratio and zero surface tension of a cylindrical vortex sheet, Eqs. (38a) and (38b) reduce to the following form:
which is identical to the perturbation equations derived by Batchelor and Gill. 24 
Limiting case II: Dispersion equation for planar sheets
Hagerty and Shea 10 derived the following equation, describing the propagation of varicose waves on the surface of a two-dimensional liquid jet with a thickness of 2R,
A liquid sheet can be modeled as a special case of an elliptic jet when the ellipticity is large (e → 0). Using asymptotic solutions of the modified Mathieu functions for μ → 0 and q → ∞, 22, 23 one obtains
With these asymptotic expressions, it can be shown that the general dispersion equation reduces to Eq. (43). By considering the two special cases of a round jet and a planar sheet it is shown that the general elliptic dispersion relation, Eqs. (38a) and (38b), is consistent with previously derived stability results.
III. THEORETICAL RESULTS
Following the derivation of the theoretical formulation, we will next present model results. This analysis is concerned with the zeroth azimuthal mode, corresponding to the most unstable mode at low-speed conditions. The higher-order eigensolutions are more oscillatory and are not frequently encountered in practice. However, experiments by Kasyap et al. 6 showed that at large Weber numbers and high ellipticities the liquid sheet develop transverse waves in the plane of the major axis.
In the following, the growth rate of initial disturbances for a range of Weber numbers, covering the Rayleigh as well as the first wind-induced regime, are discussed. In addition, the effect of the liquid-to-gas density ratio on the instability is considered. Results from this analysis will then be connected to measurements that are presented in Sec. IV.
Instability regions and disturbance growth rates, which are obtained from the dispersion relation, Eq. (38), and the mean-jet profile from Sec. II B, are illustrated in Figs. 5-9. A gas to liquid density ratio, Q = 0.0013, is used, representing an air/water interface. To further illustrate the effect of the density ratio on the instability dynamics, additional model results with density ratios of 0.01, 0.1, and 1 are also performed, and these results are presented in Fig. 8 .
Results from the stability analysis are presented in Figs. 5 and 6 for the selected cases of We = 10 and 1000, respectively. From left to right, results for decreasing aspect ratios are shown (e = 0.25, 0.75, 1). In these figures, the first row shows the corresponding growth rate ω i , and the second row illustrates the perturbation amplitude, which is evaluated as
whereη y is the initial radial perturbation amplitude. For reference, the blanked-out area indicates the break-up region for which Eq. (45) becomes less than zero. It is noted that this criterion provides only a qualitative indication for the breakup since this the break-up point is affected by the initial perturbation magnitude and nonlinear processes, which are not considered in this analysis. Finally, the last row illustrates the mean (dashed) and instantaneous (solid line) liquid jet semi-major radii at the most unstable forcing frequency. From these results it can be seen that by increasing the Weber number, the instability growth rate decreases. This is in agreement with the well-known breakup curves described by Lin and Reitz. 25 Importantly, the results also show that by decreasing the aspect ratio, for We = 10 the instabilities grow faster, while for We = 1000 the growth rate reduces. In addition, the range of unstable wavenumbers increases and the peak of the curve shifts towards larger wavelengths. These results are in agreement with experiments of Kasyap et al., 6 showing that the breakup length is reduced by increasing the jet ellipticity. The amplitude of the jet radius is also plotted in Figs. 5 and 6, which is obtained as solution to Eq. (45), assuming an initial amplitude ofη y = 0.01. The liquid jet breaks up at the axial location for which the magnitude of the fluctuating part becomes equal to the jet radius. Figure 7 presents a comparison of disturbance growth rates for different Weber numbers of 10, 10 2 , 10 3 , and 10 4 and a density ratio of Q = 0.0013. This figure reveals that for all aspect ratios the instability region increases with increasing Weber number. It is noted that Weber numbers of 10 and 10 2 belong to the Rayleigh regime, while Weber numbers of 10 3 and 10 4 belong to the first and second wind-induced regime, respectively. Similar to round and planar jets, the long wave regime is dominant for low-speed (Rayleigh-regime) instabilities, while short waves are responsible for breakup in the case of high-speed jets. Thus, the instability growth rate decreases continuously as the Weber number increases from 10 to 10 3 . Transition from a long wave regime to a short wave regime is comparable with the first and second wind-induced breakup regime of circular liquid jets. 11 The jet inertia assists the surface tension force in the destabilization process in the first wind-induced regime. However, capillary forces have a stabilizing effect when the Weber number is sufficiently high as shown in Fig. 7 .
From Fig. 7 it can be seen that up to We = 100, the maximum growth rate becomes larger with decreasing aspect ratio and the peak of the dispersion curve shifts towards longer waves. Furthermore, increasing the ellipticity leads to an extended range of unstable wavenumbers. However, the behavior is different for Weber numbers of 10 3 and 10 4 , representing the first and second wind-induced regime. In this case, by increasing the ellipticity, the disturbance growth rate and the range of unstable wavenumbers decrease. For a given volume, an elliptic jet has a larger surface area (and energy) than a circular jet, and tends to disintegrate faster. On the contrary, for higher Weber numbers, the effect of the ellipticity on the instability-behavior diminishes due to the stabilizing effect of capillary forces against destabilizing effects of aerodynamic forces. This conclusion is confirmed by experimental results that are presented in Sec. IV and also by previous measurements of Kasyap et al. 6 It is also noted that the results for the special case of e = 1 are identical to the results of Yang.
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Results of Amini and Dolatabadi 7 showed that for capillary-dominant regimes the most unstable mode is axisymmetric. However, measurements by Kasyap et al. 6 suggest that the preferred mode at high Weber-numbers, where aerodynamic forces are dominant, is the flapping mode in the plane of the major axis, corresponding to the Ce 1 -mode-shape. As such, it can be concluded that, similar to circular jets, 9 elliptic jets exhibit switching between the Ce 0 -and Ce 1 -type instability modes. The effect of the surrounding gas density on the disturbance growth rate is illustrated in Fig. 8 . The results are presented for gas-to-liquid density ratios of 0.01, 0.1, 1.0, and Weber numbers of 10 and 100. Comparing the growth rates for this density ratio with those shown in Fig. 7 emphasizes the relevance of the density ratio on the instability dynamics. Specifically, it can be seen that by increasing the density ratio the jet exhibits a qualitative and quantitative shift in the instability behavior, which is associated with the competition between aerodynamic and capillary forces. This, in turn, results in an opposite trend in the stability characteristics, so that the growth rate decreases with increasing ellipticity. Figure 9 shows the variation of the jet breakup length and the corresponding most unstable wavenumber for different ellipticities as function of Weber number and density-ratio. The product of We and Q can be considered as gas Weber number and its square root is proportional to the relative velocity of the liquid and the gas. It can be seen that for density ratios of Q = 0.001, 0.01, all curves collapse. However for the case of Q = 1, the results are different, which can be attributed to the fact that the density-induced instability is eliminated. The first row shows the breakup length and its peak represents the inception of aerodynamic effects and the transition from the Rayleigh regime to the first wind-induced regime. Results show that by reducing the aspect ratio, this transition shifts towards higher jet velocities with smaller breakup lengths. On the contrary, results in the second row show that by increasing the ellipticity, the most unstable wavenumber decreases, meaning that larger droplets are produced. In agreement with literature, it can be seen that after reaching the peak of the breakup curve a rapid shift towards shorter waves occurs, corresponding to the high-speed wind-induced break-up regime.
IV. EXPERIMENTAL VALIDATION
The theoretical analysis is complemented by experimental investigations. We hereby focus on the surface-tension dominated Rayleigh regime. Since the main difference between an ellipse and a circle is the curvature, studying effects of capillary forces reflects their difference better. Experiments are performed for elliptic jets, considering a range of aspect ratios. The growth rate of the instability Phys. is inferred from direct measurements of the jet breakup length, and measurements are compared with theoretical results.
The temporal stability analysis presents the temporal growth of disturbances, whereas the spatial stability analysis considers the growth of perturbation in space. Keller et al. 26 argued that disturbances initiated at the nozzle exit grow in space and are advected downstream until disintegrating the jet into droplets. Therefore, the wavenumber α in Eq. (27) is complex. They found that the spatial growth rate α i can be related to the temporal growth rate, ω i , through the expression α i = ω i + O(1/We). Thus, both spatial and temporal analyses provide similar results under the condition that the Weber number exceeds the critical value for the absolute instability. 27 Leib and Goldstein 28 demonstrated the existence of absolute instability modes that propagate in both downstream and upstream directions. Absolute instability occurs when the inertia is not sufficiently large (We < π) to carry all the unstable disturbances downstream. 25 For low-speed jets, the spatial analysis predicts that the wave speed deviates from the jet velocity and the growth rate can differ from the predictions of the temporal theory. At higher Weber numbers, disturbances that are introduced at the nozzle advect with the jet velocity and grow downstream without dispersion. Thus, by shifting to a reference frame moving with the jet velocity, the predictions of the spatial theory match those of the temporal theory. For our experimental setup, the difference between temporal and spatial predictions is negligible and the use of a temporal approach provides a reasonable approximation in the convective instability regime. The growth rate in the linear regime can be determined by measuring the amplitude of the disturbance or by measuring the breakup point. The first method requires an image processing analysis of the spatial evolution of perturbations at two successive troughs and assuming exponential spatial growth. The second method exploits a correlation between the axial location of the breakup and the initial amplitude of the induced perturbation (stimulation voltage). Kalaaji et al. 29 implemented both the breakup method via stroboscopic images and the amplitude-evolution method through the shadowgraph-width-photometry technique. They used the first method to obtain growth rates. Gonzalez and Garcia 30 measured the growth rate by both the amplitude-evolution method and the breakup method precisely. In general, experimental results from both methods were in excellent agreement and matched the corresponding theoretical results. Because of the ease of implementation, its applicability to transparent liquids and its good accuracy make the breakup method a competitive technique for measuring growth rates of capillary jets. However, because of the technical difficulty that is associated with direct growth rate measurements, we decided to conduct indirect measurements, and relate the experimentally measured break-up length to the growth rate.
Using linear analysis, the development of a liquid jet can be analyzed by assuming that the Fourier component of the perturbation with Strouhal number, St = fR/U, will grow with a temporal growth rate ω i and a wavenumber α. For a monochromatic perturbation the radius of the jet is then given as η =η +η exp {i(ωt − αz)} .
According to Eq. (46), the expression of Keller et al. 26 and by assuming that the breakup occurs when the perturbation amplitude is equal to the unperturbed jet radius, the perturbation growth rate can be evaluated as Since the perturbation amplitude is proportional to the imposed voltage, 29, 30 Eq. (46) can be written in the form
where E V is the imposed voltage and z b is the breakup length. Knowing the slope of the measured breakup lengths, z b , per logarithm of applied voltage, ln E V , enables us to find the growth rate ω i . In fact, Eq. (48) can be used to determine the experimental dispersion curve ω i (α) from the measurement of z b for comparisons with theoretical results. [30] [31] [32] It is noted that similar measurements have been reported by Amini and Dolatabadi. 8 However, the data analysis in the present work has been refined significantly to accurately represent operating conditions and measurement variations.
The growth rate was evaluated from the slope of the breakup length versus imposed voltage through Eq. (48). In each measurement, the velocity was fixed, and the dimensionless wavenumber, α, was then varied by changing the frequency. A range of perturbation frequencies and exit velocities were considered to cover the spectrum of relevant operating conditions. The voltage was incrementally increased to achieve linear breakup behavior. It is important to note that a further increase in the voltage causes nonlinearities, which cannot be captured with the present theory. In order to cover the Rayleigh regime, the experiments were performed for Weber numbers between 10 and 100 and Reynolds number between 750 and 2400. Figure 10 shows images of the natural breakup (without forcing) for different nozzle aspect ratios. From these results, it can be seen that by reducing the aspect ratio the breakup length decreases. Figures 11 and 12 show the variation of the breakup length for the cases with e = 0.33 and e = 0.25 at different forcing voltages and frequencies. By relating the measured breakup length and current to the growth rate via Eq. (48), the measurements can be compared with theoretical results.
A comparison of measurements and theoretical results is presented in Fig. 13 , showing the growth rate as a function of excitation frequency. Here, the growth rate is rescaled by √ We so that the results become independent of jet velocity and can be compared with those of the other sources. From this figure, it can be seen that the theoretical results, obtained with the present model, are in good agreement with experiments. Specifically, the developed model captures the effect of the ellipticity on the growth rate and the shift of the peak location of wavenumber to lower values with increasing aspect ratio. For modes with frequencies away from the peak growth rate, facilityinduced noise is a source of error for the breakup length, reducing the accuracy of the measurements. Nonlinear effects that are present in the high-frequency cut-off region further amplify these errors. For comparison, we also present result of Amini and Dolatabadi 8 and Dityakin 5 from a linear stability analysis, in which the perturbation analysis is performed around a spatially constant elliptic mean-flow profiles. It can be seen that this analysis significantly overpredicts the perturbation growth rate and cut-off wavenumber. It has to be noted that the results presented in Amini and Dolatabadi 8 covers only the measurements of jets at low Weber numbers (W e < 100) in which only capillary forces are significant and aerodynamic forces are ignorable to validate the corresponding theory. However, in the current experimental analysis, the experimental data were extended to medium Weber numbers (100 < W e < 500) where aerodynamic effects are also playing a role so that the measurements can be compared with the current theory covering both capillary and aerodynamic forces.
V. CONCLUSIONS
In this work, the instability dynamics of liquid jets emanating from elliptic nozzles was studied. By considering capillary forces and aerodynamic interactions, an analytic dispersion equation was derived for the growth of axisymmetric perturbations. Results of the linear stability analysis were reported and the growth rates for different conditions (represented by Weber number We and density ratio Q) were analyzed. For the specific cases of a circular jet and a planar sheet it was shown that the developed theoretical model recovers the results of Yang 9 and Hagerty and Shea. 10 Theoretical results showed that in the capillary-dominated regime the growth rate increases with increasing ellipticity. The reason is the higher surface area of an elliptic jet in comparison to a circular jet. Similar to round jets, the instability growth rate decreases with increasing Weber number in the Rayleigh regime. In contrast, instabilities in the high-speed flow regime are most receptive to perturbations with short wavelengths, and the growth rate increases with increasing Weber number. The theoretical analysis showed that the density ratio has a pronounced effect on the instability behavior. Specifically, increasing the gas-to-liquid density ratio reduces the break-up length, increases the growth rate, and extends the cut-off wavenumber.
Comparisons with measurements showed that the local linear stability theory correctly captures effects of the ellipticity, operating conditions, and surface tension on the dispersion-relation. Finally, it is noted that this work was based on a linear theory and a nonlinear analysis could provide further insight regarding the interaction between modes and growth rate adjacent to the breakup point.
